Abstract. We consider K3 surfaces which are double cover of rational elliptic surfaces. The former are endowed with a natural elliptic fibration, which is induced by the latter. There are also other elliptic fibrations on such K3 surfaces, which are necessarily induced by special linear systems on the rational elliptic surfaces. We describe these linear systems. In particular, we observe that every conic bundle on the rational surface induces a genus 1 fibration on the K3 surface and we classify the singular fibers of the genus 1 fibration on the K3 surface it terms of singular fibers and special curves on the conic bundle on the rational surface.
Introduction
If one considers the classification of surfaces according to their Kodaira dimension, one finds examples of surfaces endowed with an elliptic fibration in the classes with −∞ ≤ κ ≤ 1. Nevertheless, thanks to their rich geometry, K3 surfaces are the only ones that might admit more than one elliptic fibration which is not of product type ( [SS, Lemma 12.18] ). For example, K3 surfaces obtained by a base change of a rational elliptic surface have in general more than one elliptic fibration on it. It is therefore natural to enquire about the classification of elliptic fibrations on elliptic K3 surfaces and, in case the K3 surface X is obtained by a rational elliptic surface R, to investigate the relations among elliptic fibrations on X and linear systems on R.
In order to obtain the classification of elliptic fibrations on K3 surfaces, there is a lattice theoretic method (introduced by Nishiyama in [Nis] ) which allows one to describe the frame lattice of the fibration, i.e., the lattice spanned by the classes of the non-trivial components of the reducible fibers in the Néron-Severi lattice. The second, more geometric, method to classify elliptic fibrations on certain K3 surfaces was introduced by Oguiso in [O] and later applied by [Kl] and [CG] . It is strictly related with the presence of an involution ι on the K3 surface X and so with the geometry of a different surface, X/ι, which is the quotient of the K3 surface by this involution. This is our starting point, since we describe elliptic fibrations on the K3 surface X which are induced by linear systems on the rational elliptic surface X/ι. In the articles [O] , [Kl] and [CG] the involution ι acts trivially on the Néron-Severi group of X and it fixes rational curves on X. Here we avoid both these hypothesis requiring only that the curves of highest genus fixed by ι has genus at most 1. This condition implies that X is obtained as double cover of a rational elliptic surface R (by a base change of order 2) and our purpose is to identify the linear systems on R which induce elliptic fibrations on X.
Given 9 points in the intersection of two plane cubics, if the generic member of the pencil spanned by these is smooth, then the blow up R of P 2 in such points is naturally endowed with a (relatively minimal) elliptic fibration E R : R → P 1 . Moreover, this fibration admits a section, namely the last exceptional divisor of the series of blow-ups. An application of the canonical bundle formula assures that this is the unique elliptic fibration on R (any fiber of an elliptic fibration in R is algebraically equivalent to the anti-canonical divisor). On the other hand R could admit several other fibrations R → P 1 , whose generic fibers are rational curves. Given the elliptic fibration described above E R : R → P 1 and two smooth fibers of this fibration, say (F R ) b1 ,(F R ) b2 , the double cover of R branched over (F R ) b1 and (F R ) b2 is a smooth surface, which is a K3 surface, naturally endowed with an elliptic fibration E X : X → P 1 , induced by E R . This construction can be generalized admitting the possibility that (F R ) b1 and (F R ) b2 are singular (possibly reducible) fibers without multiple components. In this case the double cover of R branched on (F R ) b1 and (F R ) b2 is no longer smooth, but its minimal desingularization is again a K3 surface endowed with an elliptic fibration E X .
In contrast to what happens for R, X admits more than one elliptic fibration, and only one of them is induced by E R . Since there is a 2 : 1 map X → R, the rational fibrations on R, i.e. the conic bundles on R, induce fibrations on X. The Hurwitz formula applied to the restriction of the double cover map X → R to the generic fiber of each conic bundle on R assures that the fibrations in rational curves on R induce fibrations in genus one curves on X, which are often endowed with a section. Hence a part of the elliptic fibrations on X which are not induced by E R are induced by conic bundles on R. Since all the conic bundles on R induce elliptic fibrations on X, it is natural to relate the geometry of the conic bundles with the one of the induced elliptic fibrations. Theorems 5.3 and 5.5 contain our main results on this argument: for each elliptic fibration on X induced by a conic bundle, the singular fibers are induced either by reducible fibers of the conic bundle or by smooth fibers of the conic bundle which have peculiar intersection properties with (F R ) b1 ∪ (F R ) b2 (i.e. they intersect at least one of the fibers (F R ) b1 (F R ) b2 in one point with multiplicity 2). The singular fibers of the first type are classified in Theorem 5.3 and the singular fibers of the latter type are described in Theorem 5.5.
We saw above two constructions which produce elliptic fibrations on X: they can be induced by the elliptic fibration E R or by conic bundles on R; but there might be also several other elliptic fibrations on X which are neither induced by conic bundles nor by E R . We determine what are the conditions on the fibers of R which assure that all the elliptic fibrations on X are induced either by E R or by conic bundles on R (see Corollary 4.5) and we describe what are the other admissible linear systems on R which can induce elliptic fibrations on X. Our main result in this sense is Theorem 4.2 where we associate the elliptic fibrations on X to three different types of linear systems on R: the (generalized) conic bundles, the splitting genus 1 pencils, and some special non-complete linear systems. The geometrical meaning of this distinction comes directly from the different actions of the cover involution ι on X. Indeed, by construction, X is a double cover of R and the cover involution ι on X is non-symplectic. Given an elliptic fibration on X there are three possibilities: ι acts as the elliptic involution on each fiber; ι acts as an involution on the basis; ι does not preserve the fibration. In the first case the elliptic fibration on X is induced by a rational fibration on a certain blow up R of R (i.e. by a generalized conic bundle). In the second case the elliptic fibration on X is induced by a pencil of curves of genus 1 on R which is not necessarily a fibration on R. We observe that if X admits a fibration of this type, then X can be realized also as double cover of another rational elliptic surface R ′ . In the third case, since the fibration is not preserved by ι, the fibration is not associated to a complete linear system on R, but in any case one can describe some properties of the (non-complete) linear system obtained pushing down the elliptic fibration on X to R.
In the last part of the paper we analyze in detail some examples: in Section 5.3 we present a well-known K3 surface for which we prove that all the elliptic fibrations are either induced by E R , or by conic bundles. In Section 6 we chose a rational elliptic surface R and a K3 surface X, which is its double cover, and we describe on X an elliptic fibration for each admissible type, indeed we describe an elliptic fibration on X induced by: E R (Section 6.1); a conic bundle (Section 6.2); a generalized conic bundle (Section 6.3); a splitting genus 1 pencil (Section 6.4); a non-complete linear system (Section 6.5).
Acknowledgments. 
Definitions and notation
Let k be an algebraically closed field of characteristic zero.
Definition 2.1. Let X be a smooth projective algebraic surface. A surjective map E X : X → C from X to a smooth projective algebraic curve C is called a genus 1 fibration if the generic fiber is a smooth curve of genus 1. A genus 1 fibration is called an elliptic fibration if it admits at least one section s : C → X. An elliptic fibration is said to be relative minimal if there are no (−1)-curves which are components of fibers.
In the following we always assume that the elliptic fibrations are relatively minimal, unless explicitly stated. Definition 2.2. A rational elliptic surface (RES) R is a smooth rational surface endowed with an elliptic fibration. It is isomorphic to the blow up of P 2 in 9 (possibly infinitely near) points P 1 , P 2 , . . . , P 9 such that the pencil of cubics through these points contains at least one (and therefore infinitely many) smooth cubic. The elliptic fibration on it is given by E R : R → P 1 whose fibers are the strict transforms of the curves of the pencil of cubics of P 2 having P 1 , . . . , P 9 as base points. Remark 2.4. If E : X → C is a genus 1 fibration on a K3 surface X, then g(C) = 0, i.e. C ≃ P 1 , [SS, Theorem 6 .12].
2.1. K3 surfaces which are double covers of rational elliptic surfaces. Let f : P 1 → P 1 be a degree 2 map. It is branched in two points, say b 1 and b 2 . Let us consider a rational elliptic surface E R : R → P 1 . We denote by (F R ) b1 and (F R ) b2 the fibers of E R over b 1 and b 2 . We consider the fiber product R × P 1 P 1 and the following diagram:
The surface R × P 1 P 1 naturally carries a map to P 1 which is an elliptic fibration. Moreover, this surface is singular if and only if at least one of the fibers (F R ) b1 or (F R ) b2 is singular. In this case we denote by β : X → R × P 1 P 1 its minimal resolution. This is a smooth surface with an elliptic fibration E X : X → P 1 induced by R × P 1 P 1 → P 1 , and so by E R : R → P 1 . By construction there is a generically 2 : 1 map X → R which is ramified on the strict transform (via β) of (F R ) b1 and (F R ) b2 . We say that (F R ) b1 and (F R ) b2 are the branch fibers. From now on we assume that E R : R → P 1 is a rational elliptic surface and that the elliptic surface E X : X → P 1 obtained by the previous construction is a K3 surface.
2.2. The branch fibers are stable. If the fiber (F R ) b1 (resp. (F R ) b2 ) is smooth, i.e., a fiber of type I 0 , then the fiber of R × P 1 P 1 → P 1 over f −1 (b 1 ) (resp. f −1 (b 2 )) is smooth and so the fiber of E X :
If the fiber (F R ) b1 (resp. (F R ) b2 ) is a fiber of type I n , n > 0, then the fiber of
) is a copy of a fiber of type I n (i.e. it consists of n rational curves meeting as a polygon), but each singular point of I n is also a singular point of the surface R × P 1 P 1 . These singularities are of type A 1 and therefore it suffices to blow them up once in order to construct X. Hence, the fiber of E X :
) is a fiber of type I 2n . The discussion above gives us the following diagram:
where β 2 : R → R is the blow up of R in all the singular points of the fibers (F R ) b1 ⊂ R and (F R ) b2 ⊂ R and β 1 : R → P 2 is the blow up of P 2 in the points P 1 , . . . , P 9 . Let us assume that the fiber (F R ) b1 is of type I n b 1 and the fiber (F R ) b2 is of type I n b 2 where n b1 and n b2 are non-negative integers. Then R is isomorphic to a blow up of P 2 in 9 + n b1 + n b2 (possibly infinitely near) points P 1 , P 2 . . . P 9 , Q 1 , Q 2 . . . Q n b 1 +n b 2 . So X is a double cover of a blow up of P 2 branched along the strict transform of the sextic which is the union of the two (possibly reducible) cubics β 1 ((F R ) b1 ) and
The map E R • β 2 : R → P 1 is an elliptic fibration which is, in general, not relatively minimal. This is the case if and only if β 2 is the identity.
2.3. The branch fibers can be unstable. If at least one of the branch fibers is unstable (i.e. of type II, III or IV ) we still construct X as double cover of a blow up R of R, where R is a blow up of the singular points of the fiber II, III, IV and thus also in this case we obtain that R is isomorphic to a blow up of P 2 in 9 + r (possibly infinitely near) points P 1 , P 2 . . . P 9 , Q 1 , Q 2 , . . . , Q r for a certain value of r (which depends on the type of the fibers (F R ) b1 , (F R ) b2 ). If (F R ) bi is a fiber of type IV , then β 2 : R → R introduces 4 exceptional curves over the unique singular point of (F R ) bi , hence the construction of R is slightly different with respect to the stable case, but in both the situation R is the minimal blow up of R such that the branch locus of X → R is smooth.
We present a table with the singular fibers on the induced elliptic fibration on X on the next paragraph.
2.4. The non-symplectic involution ι. By construction X is a double cover of the smooth (possibly non-minimal) surface R. The surface X is therefore endowed with a cover involution. We denote it by ι and observe that X/ι ≃ R. The involution ι is non-symplectic, i.e. it does not preserve the symplectic structure of X and thus it is not trivial on H 2,0 (X). Its fixed locus is the ramification locus of the smooth double cover X → R. In particular, we have the following table.
Fiber on branch locus on R Fiber induced on X # components fixed by ι I 0 I 0 1 genus 1 curve I n I 2n n rational curves II IV 1 rational curve III I * 0 2 rational curves IV IV *
rational curves
The reader can consult [Mi, VI.4 .1] for more details on the fiber types after base change.
3. Bundles over R and induced genus 1-fibration on X First we recall the definition of conic-bundles on a rational surface. Then we focus on rational elliptic surfaces and generalize the concept to some similar objects which are useful for our purpose.
Definition 3.1. A conic bundle on the surface R is a surjective morphism g : R → P 1 such that the generic fiber is a smooth rational curve.
We give an interpretation of the definition above in terms of classes of divisors on NS(R). In the following we denote by (F R ) t the fiber of the elliptic fibration E R : R → P 1 over t ∈ P 1 . Let D be a smooth fiber of a conic bundle on R. Since the class of D gives the class of a fiber, it is nef and has trivial self-intersection. Moreover, since it is rational, adjunction implies that D · K R = −2 and since
On the other hand, given a nef class D with the above intersection properties, the induced map |D| : R → P 1 is a conic bundle. From the above, on a surface endowed with an elliptic fibration, we have the following equivalent definition of conic bundle.
Denote by D s the fibers of the conic bundle |D|. These fibers are mapped by β 1 to a pencil of rational curves passing with a certain multiplicity through the points P 1 , . . . , P 9 . Moreover, since D s , s ∈ P 1 , is a bisection of E R , it meets both β 1 ((F R ) b1 ) and β 1 ((F R ) b2 ) in two points each.
Since we have a 2 : 1 map from X to R, which is in general a blow up of R, we need a generalization of the previous definition which extends the notion of conic bundles to R.
Note thatR is endowed with a not relatively minimal elliptic fibration induced by the elliptic fibration on R. We call F R the class of a smooth fiber. The difference between the Definitions 3.2 and 3.3 is that since −K R is not the class of a fiber,
A conic bundle on R induces a generalized conic bundle on R. If R = R then there are generalized conic bundles on R which do not induce conic bundle on R.
A generalized conic bundle is mapped by β 1 • β 2 to a pencil of rational curves passing with certain multiplicities through the points P 1 , . . . , P 9 , Q 1 . . . Q r ⊂ P 2 .
Remark 3.4. The notion of conic bundle on R is clearly independent on f and on the branching points b 1 and b 2 . On the other hand the notion of generalized conic bundle strictly depends on b 1 and b 2 and in particular on the properties of the fibers (F R ) b1 and (F R ) b2 .
For similar reasons as above, we also need a generalization of the notion of genus 1 pencils. Definition 3.5. A splitting genus 1 pencil on R is a proper morphism ϕ :
We also call the pencil of curves {C s } s∈P 1 as above, a splitting genus 1 pencil on R.
Since C s is generically a smooth curve of genus 1 and C s K R = 0, by adjunction one has C s ·C s = 0. A priori, given a smooth genus 1 curve C s such that C s ·K R = 0, the Riemann-Roch Theorem assures only that h 0 ( R, O R (C s )) ≥ 1, so nothing guarantees that there exists a 1-dimensional linear system of curves C s . On the other hand we know that the previous definition is not empty, indeed, denoting by F R a generic smooth fiber of the fibration E R : R → P 1 , β * 2 (F R ) is a smooth curve of genus 1, which moves in a 1-dimensional linear system, i.e. ϕ |β * 2 (FR)| : R → P 1 is a (not necessarily relatively minimal) elliptic fibration and satisfy the definition of splitting genus 1 pencils. Hence on R there is at least one splitting genus 1 pencil, namely the one induced by the elliptic fibration E R : R → P 1 by pull back. The reason of the word "splitting" in the definition is explained by the following lemma.
Lemma 3.6. Let ϕ : R → P 1 be a genus 1 pencil on R and C s be a generic fiber of ϕ. Then π −1 (C s ) splits in the union of two curves, both isomorphic to C s .
Proof. The generic fiber C s is a smooth curve of genus 1 on R and thus, by adjunction, its class has trivial self-intersection. Therefore π * (C s ) has also trivial self-intersection on X. Moreover π −1 (C s ) is either a connected smooth curve or the union of two curves, both isomorphic to C s . In the first case π −1 (C s ) is a smooth genus 1 curve, by adjunction, since its class has trivial self-intersection. In this case π restricted to π −1 (C s ) is a 2:1 map between smooth genus 1 curves, and so it is unramified. This means that C s does not meet the branch locus of π and that ϕ |π −1 (Cs)| : X → P 1 is a genus 1 fibration. The cover involution ι ∈ Aut(X) preserves the fibers of the fibration ϕ |π −1 (Cs)| : X → P 1 and acts on the generic fiber as a fixed point free involution. A fixed point free involution on an elliptic curve preserves the period of the curve, and thus ι preserves the period of X. As a consequence ι is a symplectic involution on the K3 surface X. But this is impossible, because X/ι ≃ R and R is a rational surface. In particular R does not have a symplectic structure and so ι does not preserves the symplectic structure of X. We conclude that for each splitting genus 1 fibration, π −1 (C s ) splits in the union of two curves, both isomorphic to C s .
By construction, a splitting genus 1 pencil on R is mapped by β 1 • β 2 to a pencil of (not necessarily smooth) curves of genus 1 on P 2 passing through the points {P 1 , . . . , P 9 , Q 1 , . . . , Q r } with a certain multiplicity. All the curves of the pencil of plane curves (
with even multiplicity at each intersection point not contained in the set {P 1 , . . . , P 9 , Q 1 , . . . , Q r }, since they split in the double cover. This imposes strong conditions on {C s } and (
Viceversa under certain conditions the choice of a pencil of, not necessarily smooth, genus 1 plane curves induces a splitting genus 1 pencil on R; for example one can take a pencil of smooth cubics in P 2 as follows: The surface R is isomorphic to the blow up of P 2 in the points P 1 , . . . , P 9 , Q 1 , . . . , Q r , and r ≥ 2. A choice of 9 points in {P 1 , . . . , P 9 , Q 1 , . . . , Q r } general enough is associated to a splitting genus 1 pencil on R. To be more precise, let us choose nine points among {P 1 , . . . , P 9 , Q 1 , . . . , Q r } such that there is a pencil of cubics through these nine points. If this pencil contains at least one (and so infinitely many) smooth curves, then the choice is general enough and gives a splitting genus 1 pencil on R. Indeed, if the curves of the pencil pass simply through nine points in {P 1 , . . . , P 9 , Q 1 , . . . , Q r }, then the intersection between the class of one of these curves and the canonical bundle of R is automatically zero. In particular every choice of nine points in {P 1 , . . . , P 9 , Q 1 , . . . , Q r } which is general enough and contains at least two points Q i , Q j is associated to a splitting genus 1 pencil which is not the pencil of cubics associated to E R : R → P 1 . We see below why having only one extra point Q 1 is not enough to produce different splitting genus 1 pencils. Proof. The points P 1 , . . . , P 9 are the base points of a pencil of cubics which gives the elliptic fibration on R. If r = 1, then a splitting genus 1 pencil on R is the pull back of a pencil of cubics in P 2 through nine points among P 1 , . . . , P 9 , Q 1 . To conclude in case i), it suffices to observe that any cubic that passes through eight points among P 1 , . . . , P 9 also passes through the ninth. For ii), note that the points Q i 's lie below singularities of a fiber and are therefore singular points on a cubic that passes through P 1 , . . . , P 9 . If C is a smooth cubic through 9 = s + t points, where s points are chosen among P 1 , . . . , P 9 and t points are among Q 1 , . . . , Q r , then C intersects the singular cubic above with multiplicity at least s + 2t > 9, which is absurd if t > 0. Hence the only splitting genus 1 fibration induced by cubics is the one given by cubics through P 1 , . . . , P 9 , i.e., the one that is already an elliptic fibration on R.
Pencils of smooth cubics are not the only ones responsible for the existence of splitting genus 1 fibrations. Indeed there might exist splitting genus 1 pencils induced by a system of non smooth genus 1 curves on P 2 (see Section 6.4).
Proposition 3.8. Each conic bundle, generalized conic bundle and splitting genus 1 pencil on R induces a genus 1-fibration on X.
Proof. Since every conic bundle on R induces a generalized conic bundle on R, it suffices to prove the result for generalized conic bundles in order to obtain the proof also for conic bundles. Let {C s } s∈P 1 be a generalized conic bundle on R. The curve C s is a smooth rational curve for almost every s ∈ P 1 and C s (−K R ) = 2. By adjunction, this
Hence the class of the curves π −1 (C s ) in N S(X) has trivial self-intersection. Since this is clearly an effective class, we have a genus 1 fibration ϕ |π −1 (Cs)| : X → P 1 .
Let {C s } s∈P 1 be a splitting genus 1 pencil of curves on R. By Lemma 3.6, for almost every s ∈ P 1 , the curves C s are smooth and π −1 (C s ) is given by two disjoint copies of C s and ϕ |π −1 (Cs)| : X → P 1 is a genus 1 fibration.
Elliptic fibrations on X and induced system of curves on R and on R
In this section we first study what are the linear systems of curves induced on R by the elliptic fibrations on X. We classify three possible types of elliptic fibrations on X according to the action of ι. We then associate each of these types to a linear system on R, induced by the elliptic fibration. This first goal of this section is summarized in Theorem 4.2. In the second part of this section, we study what are the properties of X, ι and E R which allow one to conclude that X admits or not certain types of elliptic fibrations. The corollaries 4.3, 4.4, 4.5 give a first step towards a classification of the elliptic fibrations on K3 surfaces which are double cover of rational elliptic surfaces. In particular, in Proposition 4.6, we assume certain properties on the pair (X, ι) and we identify the Néron-Severi group of X and the properties of a rational elliptic surface R of which X is the cover.
4.1. Elliptic fibrations of X and action of ι. Let E (n) : X → P 1 be an elliptic fibration on X, not necessarily equal to E X (the elliptic fibration induced on X by E R ). We denote by [F (n) ] the class of the fiber of this fibration and by F (n) t the fiber of this fibration over the point t ∈ P 1 . We recall that X is naturally endowed with a non-symplectic involution ι, which is the cover involution of the double cover π : X → R. The action of ι on an elliptic fibration E (n) can be of three different types:
(1) ι preserves the fibers of the fibration
for every t ∈ P 1 . In this case the action of ι on the basis of the fibration is trivial. (2) ι does not preserve the fibers of the fibration, but ι * preserves the fibration and in particular the class of a fiber, i.e. ι(F (n)
. In this case ι restricts to an involution of the basis of the fibration. We say that ι preserves the fibration. (3) ι does not preserve the fibration, and in particular ι
] is the class of another elliptic fibration on X, E (n
Definition 4.1. We say that an elliptic fibration on X is of type 1), 2), 3) with respect to ι if ι preserves the fibers, preserves the fibration but not the fibers, and does not preserve the fibration respectively.
If E (n) is of type 3) with respect to ι, then E (n) does not induce a fibration on R and, more precisely, the image π(F
Proof. Let us consider the generic (smooth) fiber
If E (n) is of type 1) with respect to ι, then ι preserves the curve F (n) t and acts on it by fixing 4 points. Indeed the involutions on a smooth curve of genus 1 are either fixed points free or fix 4 points. The ones which are fixed point free are translations and preserve the period of the elliptic curve. But since ι acts as the identity on the base of the fibration E (n) , if ι restricted to the fibers preserves the period of the fibers, then ι preserves the period of the surface X. This is not possible, because ι is a non-symplectic involution. So ι acts on each fiber with 4 fixed points (i.e. it acts as the hyperelliptic involution, possibly composed with some translations). Let us now consider the image of F (n) t on R under the quotient map π :
is a 2 : 1 cover branched in 4 points. So E (n) induces a pencil of rational curves on R and we denote by [D (n) ] the class of the fiber of this pencil.
is the class of a fiber of a fibration. On the other hand g(D (n) ) = 0 and so, by adjunction,
is a generalized conic bundle. If E (n) is of type 2) with respect to ι, then ι is an involution of the basis. Since the basis of the fibration is P 1 , the involution ι fixes two points on it, say t 1 and t 2 . It preserves therefore two fibers of the fibration and switches the others. Let
by π consists of two disjoint smooth genus 1 curves (the fibers
If E (n) is of the type 3) with respect to ι, then there exists another elliptic fibration 
] is an effective divisor. The linear system |F (n) | has no base points, hence
| is a complete linear system base points free. In particular there exists a smooth genus m + 1 curve C X whose class is [
| is a m + 1-dimensional complete linear system whose general element is smooth (cf. [SD, Proposition 2.6] ). On the other hand, if we consider the set of curves of the form
, this is a 1-dimensional space, parametrized by P 1 t , whose generic element is a singular reducible curve (indeed it splits in the sum of two smooth genus 1 curve meeting in m points). Let us denote by
This pencil is a non-complete sub-linear system of the complete linear system induced by the (m + 1)-dimensional linear system |C X | on X. Indeed π(C X ) is a smooth curve on R and [π(
) t ] so that its linear system contains the non-complete sub-linear system given by 2D t .
Let E (n) be an elliptic fibration on X of type 2). Then ι generically switches pairs of fibers and preserves exactly two fibers, denoted by F
and F (n)
t2 . The fibration E (n) induces a non necessarily relatively minimal elliptic fibration on R such that each fiber of this elliptic fibration, with the exception of π(F (n) t1 ) and π(F (n) t2 ), splits in the double cover π :
possibly with the exception of t = t 1 and t = t 2 , intersects the branch locus of π : X → R with even multiplicity in each intersection point, thus C (n) t intersects (F R ) b1 ∪ (F R ) b2 with even multiplicity in each intersection point. Now we consider
and C (n) t to a not necessarily smooth curve of genus 1 of P 2 passing through at least 9 points among {P 1 , . . . , P 9 , Q 1 , . . . Q r }. Since β 1 • β 2 • π : X → P 2 is a 2:1 cover branched along β 1 ((F R ) b1 ) ∪ β 1 ((F R ) b2 ), and the generic fiber of the pencil of cubics {C (n) t } t ∈ P 1 splits on X, we deduce that almost all the fibers of
) with an even multiplicity in each intersection point. This characterizes the pencil of curves on P 2 which are induced by genus 1 fibration of second type on X. Viceversa, we already observed that a pencil of not necessarily smooth curves of genus 1 on P 2 induces, under some conditions, a splitting genus 1 pencil on R and thus a genus 1 fibration of second type on X.
Let E (n) be an elliptic fibration of type 3), F (n) t be a generic fiber of E (n) and
2 and thus (D t ) 2 = m. Let us denote by B R the branch locus of π : X → R and
Let us now consider C X , a smooth curve in the complete linear system
It is smooth of genus m + 1 and its image under π is the smooth curve C R := π(C X ). The map π restricted to C X is a 2:1 cover C X → C R , branched in C X · B X = 2m points. We are able to compute the genus of C R by the RiemannHurwitz formula:
Similar results can be obtained also by adjunction formula. Indeed (
Thus the singular curves D t ⊂ R are a sub-system of a complete linear system of generically smooth curves of genus 1, meeting the branch locus in 2m points.
We observe that the non-complete linear system associated to fibration of type 3) are a generalization of the complete linear system associated to the fibration of type 2), i.e. of the splitting genus 1 pencil. Indeed, if we consider the description of the linear system associated to fibration of type 3) and we allow m to be 0, then the curves D t defined above are such that D t is a curve of genus 1 and
This is exactly what we require to define the splitting genus 1 pencil. This is consistent with the geometric interpretation of these linear systems. Indeed if we allows m to be 0, this means that
The consequence is that F (n) and ι(F (n) ) are classes of the fiber of the same fibration, and so ι preserves the fibration defined by F (n) . By definition this means that the fibration E (n) is of type 2) and hence associated to a splitting genus 1 pencil.
Admissible elliptic fibrations on X.
We now analyze deeply the geometric properties related to the presence (or the absence) of a certain type of elliptic fibration on X. In particular, we show that elliptic fibrations of type 3) cannot appear if ι is the identity on the Néron-Severi group of X, which implies in turn that R has at most two reducible fibers, and that the fibrations of type 2) are reduced to the fibration E X if the cover X R is branched on at least one smooth fiber of the fibration E R .
Corollary 4.3. If the map ι restricted to the Néron-Severi group of X is the identity, then there are no reducible fibers of
If ι is the identity on N S(X), then all elliptic fibrations on X are induced either by generalized conic bundles on R or by splitting genus 1 pencils.
Proof. If E R has at least one reducible fiber outside (F R ) b1 and (F R ) b2 , then the elliptic fibration E X has two fibers of the same type, switched by ι. Since the classes of irreducible components of two different reducible fibers are different classes in the Néron-Severi group, the action of ι * on the classes of the components of these two reducible fibers cannot be the identity.
If E (n) is a fibration of type 3) on X, then ι * sends the class of the fiber [F (n) ] to the class of another elliptic fibration, say [F (n ′ ) ]. Hence ι * does not act as the identity for example on the class [F (n) ] ∈ N S(X).
Corollary 4.4. If the fibers (F R ) b1 and (F R ) b2 of the fibration E R : R → P 1 are smooth genus 1 curves, then an elliptic fibration on X satisfies exactly one of the following:
(1) is induced by a conic bundle on R (and in this case the fibration is of type 1) with respect to ι); (2) coincides with E X (which is the unique fibration of type 2) with respect to ι); (3) is of type 3) with respect to ι and m is even (where m is as (4.1)). If at least one of the fibers (F R ) b1 and (F R ) b2 of the fibration E R : R → P 1 is a smooth genus 1 curve, then any elliptic fibration on X which is of type 2) with respect to ι coincides with E X .
Proof. If (F R ) b1 and (F R ) b2 are smooth curves of genus 1, then R = R, so the notion of conic bundle and of generalized conic bundle coincide. Moreover, we already observed that there exists a unique elliptic fibration on R and there are no splitting genus 1 pencil on R (which are not E R ), so the unique elliptic fibration of type 2) is E X . It remains to prove that if there exists an elliptic fibration on X which is of the third type for ι, then m is even. Let us denote by E (n) : X → P 1 an elliptic fibration of type 3) on X and by E (n ′ ) : X → P 1 the elliptic fibration which is the image of
are contained in the branch locus of X → R = R, and therefore are contained in π −1 ((F R ) b1 ∩(F R ) b2 ). Viceversa, each intersection among F (n) and the branch locus of X → R is a fixed point for ι and thus is an intersection point of F (n) t and F (n ′ ) t . We observe that both π −1 ((F R ) b1 ) and π −1 ((F R ) b2 ) are smooth fibers of the fibration E X :
If at least one of the fibers (F R ) b1 and (F R ) b2 is smooth, then ι fixes at least one curve of genus 1, say π −1 ((F R ) b1 ). Let E (n) be an elliptic fibration on X which is of type 2) with respect to ι. Since ι is an involution of the basis, the fixed locus of ι is contained in the two fibers preserved by ι. Hence π −1 ((F R ) b1 ) is a smooth curve of genus one contained in the fiber of a genus 1 fibration. This suffices to conclude that π −1 ((F R ) b1 ) is a fiber of the fibration and hence |π −1 ((F R ) b1 )| induces the fibration E (n) on X. By definition E X is the fibration induced by |π −1 ((F R ) b1 )|, so E X and E (n) coincide.
Corollary 4.5. If the fibers (F R ) b1 and (F R ) b2 of E R : R → P 1 are smooth genus 1 curves, and ι * is the identity on N S(X), then a fibration which is not E X is induced by a conic bundle on R.
The above conditions can be realized only if R : R → P 1 is an elliptic fibration without reducible fibers. Proposition 4.6. Let X and ι be as in Corollary 4.3, i.e., ι acts as the identity on N S(X). This implies that N S(X) is a 2-elementary lattice and thus it is identified by its rank r, by its length a and by the number δ ∈ {0, 1} (see [Nik] for the precise definition).
If ι fixes 2 curves of genus 1, then it satisfies the more restrictive hypothesis of Corollary 4.5 and N S(X) ≃ U ⊕ E 8 (−2), which is the unique lattice associated to the invariant (r, a, δ) = (10, 8, 0) . In this case R : R → P 1 is an elliptic fibration without reducible fibers.
If ι fixes one curve of genus 1 and possibly some rational curves, then the invariant of N S(X) are (r, a, δ) = (r, 20−r, δ) with 11 ≤ r ≤ 19, the fiber (F R ) b1 is of type I 0 and (F R ) b2 is singular. The number and type of reducible fibers of R : R → P Proof. If X is constructed by a base change of a rational elliptic surface, then its fixed locus cannot contain curves of genus greater then 1 (cf. also [Z] ). By the classification of non-symplectic involutions on K3 surfaces, we deduce that there are the following possibilities ( [Nik] or [Z] ): i) ι fixes two genus 1 curves and
; ii) ι fixes one genus 1 curve and k rational curve for 1 ≤ k ≤ 9 and H 2 (X, Z) ι is a lattice determined by the fact that it is hyperbolic, its rank is k + 10 and its discriminant group is (Z/2Z) 10−k ; if k = 4, 8 this determines uniquely H 2 (X, Z) ι , if the k is 4 or 8 there are exactly two possibilities for H 2 (X, Z) ι , which depend on the value of δ; iii) ι fixes k rational curves for 2 ≤ k ≤ 10 and H 2 (X, Z) ι is a lattice determined by the fact that it is hyperbolic, its rank is 10 + k and its discriminant group is (Z/2Z) 12−k ; if k = 8 this determines uniquely H 2 (X, Z) ι , if the k is 8 there are exactly two possibilities for H 2 (X, Z) ι , which depend on the value of δ.
Moreover, by the theory of non-symplectic involutions on K3 surfaces (see [Nik] ), it follows that H 2 (X, Z) ι ⊆ N S(X). If we require that ι is the identity on N S(X), we deduce that N S(X) ≃ H 2 (X, Z) ι . This gives the list of lattices isomorphic to N S(X), according to the choices of the fixed locus of ι on X.
Let us consider the case on which ι fixes one curve of genus 1. This implies that a curve of genus 1 is in the ramification locus of π : X → R, so one fiber among (F R ) b1 and (F R ) b2 is smooth. In this case, by Corollary 4.4, there exists a unique elliptic fibration on X such that ι acts as an involution of the basis and this elliptic fibration is E X . Let us assume that ι fixes one curve of genus 1 and k rational curves and that (F R ) b1 is a smooth curve of genus 1, then the k-rational curves fixed by ι are contained in the fiber π −1 ((F R ) b2 ) of the fibration E X . So we know that (F R ) b2 satisfies the following conditions: (a) (F R ) b2 does not contains fibers with multiple components (otherwise X would not be a K3 surface); (b) ι preserves all the components of π
is of type I n , II, III, IV . By (b) it can not be of type II and III. So, by (c), if k = 4, then (F R ) b2 is either of type I 4 or of type IV . If k = 4, then (F R ) b2 is of type I k .
We already observed that if ι * acts as the identity on N S(X), then E R has no reducible fibers outside (F R ) b1 and (F R ) b2 . So all the other singular fibers of E R are either of type I 1 or of type II. Generically we can assume they are of type I 1 . The number of these reducible fibers depends on the fact that the Euler characteristic of R is 12 and the rank of the Mordell-Weil group depends on the Shioda-Tate formula and on the fact that ρ(R) = 10.
The case ι fixes k rational curves was already analyzed in [CG] . In this case X admits an elliptic fibration induced by a base change on a rational elliptic fibration if and only if k ≥ 2. If k ≥ 2, the rational elliptic fibration is not necessarily uniquely determined by X and ι (indeed, there can be more than one elliptic fibration of type 2) with respect to ι). In [CG, Section 5 ] the properties of all the rational elliptic surfaces such that a certain base change produces X are listed. Here we chose one of the admissible rational elliptic surfaces for each K3 surface X.
Conic bundles on rational surfaces and elliptic fibrations on K3 surfaces
The conic bundles are the rational fibrations on the rational elliptic surface R. They induce elliptic fibrations on the K3 surface X and in this sense they are one of the most significative topic to relate the linear systems on R to the elliptic fibrations on X. Since a lot is known on conic bundles on rational elliptic surfaces, here we investigate in details the relations among these fibrations on R and the induced elliptic fibrations on X. In particular we prove that the type of singular fibers of the elliptic fibrations on X induced by a conic bundle is determined by certain specific properties of the conic bundle. More precisely, we consider a conic bundle ϕ |B| : R → P 1 and its singular fibers. Then we consider the K3 surface X which is a double cover of R and the elliptic fibration E B induced on X by ϕ |B| . Each singular fiber of the map ϕ |B| : R → P 1 induces a singular fiber of the fibration E B . In Theorem 5.3 we describe the relation among the reducible fibers of ϕ |B| : R → P 1 and of the fibration E B . It is also possible that some singular (reducible or not) fibers of the elliptic fibration E B are not induced by singular fibers of ϕ |B| : R → P 1 . These are called extra singular fibers and are described in Theorem 5.5. Thus, the Theorems 5.3 and 5.5 together describe completely the possible configurations of the singular fibers of an elliptic fibration on the K3 surface X induced by a conic bundle on the rational elliptic surface R.
Conic bundles on RES.
We recall some basic information on conic bundles on rational elliptic surfaces. Every conic bundle defines a fibration R → P 1 whose generic fiber is a rational curve and is such that there is always at least one reducible fiber. The singular fibers of a conic bundle are always reducible. The structure of such fibers on a rational elliptic surface is known and described in Figure 1 . Here we briefly recall their classification, giving a self-contained proof. Proof. The generic fiber of ϕ |B| : R → P 1 is a curve of genus 0, so if it is singular, it is reducible and its components are negative curves. The negative curves on R are either (−1)-curves (sections of E R ) or (−2)-curves (components of reducible fibers of E R ). We recall the definition of generalized (−1)-curve and generalized (−2)-curve: a connected reduced (not necessarily irreducible) curve E is a generalized (−1)-curve (resp. (−2)-curve) if there exists a morphism to a smooth surface contracting E to a point (resp. if the intersection graph on its irreducible components is a Dynkin diagram). It follows that a generalized (−1)-curve is either a (−1)-curve or a chain of (−2)-curves with one (−1)-curve on one extreme. Let D be a reducible fiber of the conic bundle ϕ |B| : R → P 1 . Let D red be the reduced sum of its integral component and let D 1 be a component of D red such that D red −D 1 is still connected. We prove that for every choice of D 1 in D red , D red − D 1 is either a generalized (−1)-curve or a generalized (−2)-curve. Since we know the admissible structure of these generalized curve, we deduce the admissible configuration of components of the reducible fibers of a conic bundle.
So, let D red and D 1 as above. Then D red −D 1 is a connected and reduced divisor of X such that the intersection form on the irreducible components of its support is negative definite. If D red − D 1 contains only (−2)-curves, then these curves are all contained in the same reducible fiber of the elliptic fibration on R, and hence they form a Dynkin diagram. In this case D red − D 1 is a generalized (−2)-curve. If D red − D 1 contains exactly one (−1)-curve, P , then this has to be on one extreme of the chain of curves in D red − D 1 . Indeed if there where two (generalized) (−2)-curves G 1 and G 2 which both intersects P , then (2P + G 1 + G 2 ) 2 = −4 − 2 − 2 + 4P G 1 + 4P G 2 + 2G 1 G 2 ≥ 0, but the intersection form on the support of D red − D 1 is negative definite. Suppose now that there exists at least two (−1)-curves P 1 and P 2 in the support of D red − D 1 . In this case either they intersect, but this gives a contradiction, because (P 1 + P 2 ) 2 = −1 − 1 + 2P 1 P 2 ≥ 0, or there exists a chain of (−2)-curves G such that G intersects both P 1 and P 2 . But also in this case we have a contradiction, since G 2 = −2 and so (P 1 +P 2 +G) The bound of the number of the reducible components and of the number of their components follows by the fact that the Picard number of R is 10. Figure  1 .
Definition 5.2. We say that a reducible fiber of a conic bundle is of type A n if it has n components with the intersection properties which appear on the left of the Figure 1 and we say that a reducible fiber of a conic bundle is of type D m if it has m components with the intersection properties which appear on the right of the

Elliptic fibrations induced on double cover of RES.
Given a conic bundle on R, it induces an elliptic fibration on X. The aim of this section is to determine the reducible fibers of the elliptic fibration on X by the knowledge of the reducible fibers on R.
Theorem 5.3. Let |B| be a conic bundle on a rational elliptic surface R. It admits at least one reducible fiber, which is either of type A n or of type D m . Assume that there is a (−2) curve S on the surface R which is a section of ϕ |B| : R → P 1 . Then n ≤ 9 and m ≤ 9.
Let X be a K3 surface obtained by a base change on R → P 1 . Then ϕ |B| : R → P 1 induces an elliptic fibration (with section!) on X.
The correspondence between the reducible fibers of |B| and the ones induced on the elliptic fibration on X is presented in Table 1 .
Proof. The bound on n and m follows by the fact that the Picard number of R is 10 and the class of the section S is surely independent from the classes of the irreducible components of reducible fibers of the rational fibration ϕ |B| : R → P 1 . Table 1 . Reducible fibers of conic bundles and corresponding reducible fibers of the elliptic fibration on X We already saw the structure of the reducible fiber of a conic bundle on a rational elliptic surface and we proved in Proposition 3.8 that each conic bundle |B| on R induces a genus 1 fibration E B : X → P 1 . Let us assume that S is a section of a conic bundle on R and moreover that it is a (−2) curve on R. Since S is a section of ϕ |B| : R → P 1 , it meets each fiber in one point. The fibers of E B are the pull back of the fibers of the conic bundle. If the curve S is in the branch locus of the 2 : 1 cover X → R, then the intersection point between S and a fiber of ϕ |B| : R → P 1 corresponds to one point of intersection between the inverse image of S and a fiber of E B . So the inverse image of S is a section of E B . Viceversa, if S is not in the branch locus, then it has a trivial intersection with the branch locus, since the branch locus consists of two fibers of the elliptic fibration R → P 1 and S is necessarily a component of another reducible fiber. In this case the inverse image of the point of intersection between S and a fiber of the conic bundle |B| consists of two distinct points. The curve S splits into two disjoint rational curves in the double cover X (because it does not intersect the branch locus and it is rational) and each curve intersects the fibers of E B in exactly one point. Thus the inverse image of S consists of two disjoint sections of E B the genus 1 fibration on X. In both the cases E B : X → P 1 is in fact an elliptic fibration. Now we consider the types of reducible fibers induced on the elliptic fibration E B : X → P 1 by the reducible fibers of the conic bundle |B|.
Fiber conic bundle Fiber elliptic fibration
We describe now the inverse image on X of the negative curves on R. In particular we are interested in the components of the reducible fibers of |B|.
Each (−1)-curve is covered by a unique rational curve on X.
First we assume that all the (−2)-curves in the reducible fibers of the conic bundle are not in the branch locus of the double cover X → R, so that each (−2)-curve is covered by two disjoint rational curves on X. If the reducible fiber of the conic bundle is of type A n , then it induces a fiber on the elliptic fibration on X which is of type I 2n−2 . If the reducible fiber of the conic bundle is of type D m , then it induces a fiber of type I * 2m−6 on E B . Now we assume that some of the (−2)-curves in the reducible fibers of the conic bundles are branch curves of the double cover X → R. This implies that the (−2)-curves appearing in the reducible fibers of the conic bundle are contained in the branch fibers of the fibration E R , i.e. they are contained in (
The components of the reducible fibers of a conic bundle which are of type A n are two sections and n − 2 (−2)-curves which are all contained in the same fiber which is necessarily of type I n , III, IV . So either all the (−2)-components are in the branch locus of the cover X → R or none of the (−2)-components are in the branch locus. The same is true for the reducible fibers of a conic bundle which are of type D m , with m > 3. For the conic bundles of type D 3 there are more possibilities, indeed the two (−2)-curves appearing are contained in different fibers of the rational elliptic fibration, so it is possible that both of them are in the branch locus, or only one of them is.
Let us suppose that there are two (−2)-curves in the branch locus which are contained in a fiber of type I k , k > 2. In this case, in order to construct X we first blow up R in their intersection point introducing a (−1)-curve, which is not in the branch locus and then consider the double cover. This gives three (−2)-curves on X: two of them are mapped 1 : 1 to the (−2)-curves we are considering in R and are disjoint in X, the third is a 2 : 1 cover of the exceptional divisor of the blow up of R and meets both of the other two curves, each in one point.
We conclude that if the (−2)-curves of a reducible fiber of type A n of the conic bundle are contained in a fiber of type I k of the rational elliptic fibration, then the reducible fiber of the conic bundle induces a fiber of type I * 2n−6 on E B .
in the branch component of fiber III
in the branch component of fiber IV Table 2 . Rational curves on R and on X If the (−2)-curves of a reducible fiber of type D m , with m ≥ 4, of the conic bundle are contained in a fiber of type I k of the rational elliptic fibration, then the reducible fiber of type D m of the conic bundle is of type D 4 , i.e. m = 4. Such a fiber induces a fiber of type III * on E B . If there are (−2)-curves components of a reducible fiber of the conic bundle which are contained in the branch locus of X → R but they are not contained in a fiber of type I k of E R , the they are components of fibers of type either III or IV . In this case their inverse image in X is slightly different, but it can be computed in a similar way and is given in Table 2 .
Summarizing the discussion above, we have that a (−2)-curve which is a component of a reducible fiber of a conic bundle on R corresponds to a certain configuration of (−2)-curves on X, which is presented in the following Table 2. In the table the symbol • always corresponds to a (−2)-curve. The letter e near a point means that the point corresponds to a (−2)-curves on X which is the cover of an exceptional curves in the blow up R → R. Considering all the possible configurations of (−2)-curves which are components of reducible fibers of a conic bundle on R, we obtain the statement.
Definition 5.4. Let us consider an elliptic fibration E B : X → P 1 induced by a conic bundle |B| on R. We say that a singular fiber of E B is an extra singular fiber (with respect to |B|) if it is not induced by a reducible fiber of the conic bundle |B|.
Theorem 5.5. Let |B| be a conic bundle on R and E B the elliptic fibration induced by |B| on X. Then the extra singular fibers of E B are induced by the curves B ′ ∈ |B| such that the morphism B ′ → P 1 given by composing the inclusion map Table 3 . Extra singular fibers of E B with the elliptic fibration map on R share a ramification with the base change map f : .2)). Moreover, all irreducible singular fibers of E B are also of the above form.
The type of the extra singular fibers of E B are listed in Table 3 .
Proof. Let F ′ be an extra singular fiber of E B . Then F ′ is singular but is induced by a smooth curve B ′ ∈ |B|. Since F ′ is isomorphic to the blow up of the fiber product of two smooth curves B ′ × P 1 P 1 , it is singular if and only if B ′ → P 1 and f : P 1 → P 1 share a ramification point. Moreover, since the singular fibers of the conic bundle |B| are reducible, they yield reducible singular fibers on the induced elliptic fibration. Therefore the irreducible singular fibers are of the former type. Now we prove that the type of the singular fibers is the one given in Table 3 . Since B ′ → P 1 shares at least one branch point with the base change f :
′ meets at least one of the branch fibers (F R ) b1 , (F R ) b2 in a point with multiplicity 2. Since B ′ is a fiber of a conic bundle on R, it is a bisection of the fibration E R : R → P 1 , hence the unique possibilities (up to interchanging b 1 with b 2 ) are the followings:
(1) B ′ meets (F R ) b1 in two disjoint points and meets (F R ) b2 in a smooth point with multiplicity 2 (i.e. B t is tangent to (F R ) b2 ); (2) B ′ meets (F R ) b1 in two disjoint points and meets (F R ) b2 in a singular double point; (3) B ′ meets (F R ) b1 in a smooth point with multiplicity 2 and meets also (F R ) b2 in a smooth point with multiplicity 2 (i.e. B ′ is tangent both to (F R ) b1 and to (F R ) b2 ); (4) B ′ meets (F R ) b1 in a smooth point with multiplicity 2 and meets (F R ) b2 in a singular double point; (5) B ′ meets (F R ) b1 in a singular double point and meets (F R ) b2 in a singular double point.
In the first two cases B ′ does not split in the double cover X → R, in the others it splits. Moreover, we observe that if B ′ passes through a singular point of (F R ) bi , then this point is a double point, and thus (F R ) bi is not of type IV . Now we give the details of some of the lines of the Table 3 , the others are similar. We denote by F ′ the fiber of E B induced by B
′
If B ′ meets (F R ) b1 in two disjoint points and is tangent to (F R ) b2 , β * 2 (B t ) is isomorphic to B ′ and its double cover F ′ → β * 2 (B ′ ) is a connected curve, which is singular in exactly the point π −1 (β
in two disjoint points and meets (F R ) b2 in a singular double point, β * 2 (B ′ ) consists of the strict transform of B ′ and some exceptional divisors. The number and the intersection properties of the exceptional divisors depends on the singularities of (F R ) b2 in b := (F R ) b2 ∩ B ′ . We know that (F R ) b2 is one of the following fibers: I n , II, III. If (F R ) b2 is a fiber of type I n then β 2 introduces one exceptional divisor on b, say
consists of two smooth curves meeting in one point. We recall that E b is not contained in the branch locus of π : X → R and its double cover consists of a connected irreducible rational curve. So π −1 (E b ∩ B ′ ) consists of two points. Hence F ′ is given by two rational curves meeting in two points. So F ′ is a fiber of type I 2 . If (F R ) b2 is a fiber of type II, then β 2 introduces one exceptional divisor on b, say E b := β . So F ′ is of type I 3 . If (F R ) b2 is a fiber of type III, then β 2 introduces two exceptional divisors. One of them splits in the double cover, the other no, hence F ′ is a fiber of type I 4 . If B ′ is tangent both to (F R ) b1 and to (F R ) b2 , β
On the other hand B ′ meets the branch locus in two points, each with even multiplicity. So B ′ splits in the double cover and π −1 ( B ′ ) consists of two rational curves B ′′ and B ′′′ . These two curves meets in two points so the fiber F ′ is a fiber of type I 2 .
Remark 5.6. The reducible fibers of the elliptic fibration on X induced by a conic bundle on R are of the following types: induced by reducible fibers of the conic bundles: I 2n with n ≤ 9, I * 2m for 0 ≤ m ≤ 6, I * 2l+1 with l ≤ 2 and III * ; extra singular fibers: I n with n = 1, . . . , 8.
In particular no fibers of type II * , IV * , II, III, IV appear. The fibers of type I n do not appear for odd n > 7 and the fibers of type I * m do not appear for odd m > 5 and even m > 12.
Remark 5.7. If the base change map which induces X is ramified only at smooth fibers, then any elliptic fibration on X induced by a conic bundle on R has at most 6 irreducible singular fibers. Indeed, the irreducible singular fibers are extra singular fibers. By the theorem above, these correspond to conics such that the map to the base shares a ramification point with the base change map, and are therefore tangent to the fibers above the ramification. Since these are smooth elliptic curves, these tangent conics correspond to non-trivial 2-torsion points on the elliptic curve, which are at most 3 points. Since the base change map is ramified at two fibers, there are at most 6 extra singular fibers, and therefore at most 6 irreducible singular fibers.
5.3. The elliptic fibrations on a very particular K3 surface. Let R 211 be a rational elliptic surface with one reducible fiber of type II * and two irreducible singular fibers of type I 1 . We suppose that the II * fiber occurs at s = ∞. Then R 211 belongs to the following family:
where a and b are the two parameters of the family and the surface R 211 corresponds to an elliptic curve over the function field C(s). Moreover, R 211 is isomorphic to the blow up of P 2 at the point P = (0 : 1 : 0) and other 8 infinitely near points. Let X 211 be a K3 surface obtained by a degree two base change of R 211 ramified at two smooth fibers. Then X 211 is naturally endowed with an elliptic fibration whose singular fibers are of types 2II * + 4I 1 . This K3 surface is very well known, its Néron-Severi group is isometric to U ⊕E 8 ⊕E 8 , its automorphism group is finite, [Ko, Theorem] , the number of (−2)-curves is finite and their intersection properties are known. Thanks to this, also the classification of all the elliptic fibrations on X 211 is known (and it is based on the possible reducible fibers one can construct with the finite (−2)-curves on the surface). To be more precise, the K3 surface X 211 admits exactly two elliptic fibrations. One has 2II * + 4I 1 as singular fibers and is the elliptic fibration induced by the elliptic fibration on R. The second has I * 12 + 6I 1 as singular fibers.
Since R 211 is the blow up of P 2 in a unique point P , R 211 has only one conic bundle, which is given by the linear system of lines through P . This conic bundle has a unique reducible fiber, which corresponds to the line l of the pencil which has the direction identified by the infinitely near points of the pencil of cubics defining R 211 . This reducible fiber is of type D 9 : indeed in order to construct R 211 one blows up P 9 times introducing a generalized (−1)-curve, called E, with nine components. The components of the fiber of type II * of the elliptic fibration on R 211 are the eight (−2)-curves in the support of E and the strict transform of the line l. The extreme curves of E are a (−1)-curve and the (−2)-curve which is the strict transform of the first blow up of P . This curve is a section of the rational fibration of the conic bundle, indeed it separates the lines through P . Hence this component is not contained in the reducible fibers of the conic bundle. So the components of the reducible fiber of the conic bundle are eight curves in the support of E (seven (−2)-curves and the (−1)-curve) and the strict transform of the line l. This corresponds to a reducible fiber of type D 9 . By the construction of X 211 , the components of this reducible fiber of the conic bundle are not contained in the branch locus of the double cover X 211 → R 211 . By Table 1 , the induced reducible fiber on the elliptic fibration on X is of type I * 12 . There are three lines through P which are tangent to a specific cubic. Since X is obtained as double cover of R branched on two smooth fibers (and so on curves which correspond to two smooth cubics in P 2 ), there are six extra singular fibers on the elliptic fibration on X. All of them are of type I 1 , by Table 3 .
We conclude that the elliptic fibrations on the surface X 211 are either induced by conic bundles or by the elliptic fibration on the R 211 .
Examples
The aim of this section is to describe explicitly examples of the different types of elliptic fibrations introduced throughout the text. We consider a specific rational elliptic surface, denoted in this section by R, and a specific double cover of it, denoted in this section by X. Then we explicitly exhibit on X: an elliptic fibration induced by a conic bundle on R (see Section 6.2); an elliptic fibration induced by a generalized conic bundle on R (see Section 6.3); an elliptic fibration of type 2), induced by a splitting genus 1 pencil on R (see Section 6.4); finally an elliptic fibration of type 3), induced by a non-complete linear system on R (see Section 6.5).
6.1. The surfaces R and X. Let us consider the rational elliptic surface which is the blow up of P 2 (x:y:z) in the base points of the pencil of cubics
This is a 1-dimensional space of pencils of cubics, and for a generic choice of α the elliptic fibration E R associated to this pencil of cubics has 4 singular fibers: one fiber of type I 6 on λ = 0, one fiber of type I 3 on λ = ∞ and three fibers of type I 1 . The Mordell-Weil group of the fibration is Z × Z/3Z. Indeed the rank of the Mordell-Weil group of the fibration can be computed directly by the Shioda-Tate formula and the presence of a section of order 3 follows directly by the following choice of a Z-basis of the Néron-Severi group of R: Let us denote by l 1 , l 2 , l 3 , m 1 , m 2 and m 3 the lines x = 0, y = 0, z = 0, x = y, y = z and x = αz respectively. Let P ij = l i ∩ l j , 1 ≤ i < j ≤ 3. The points P ij are base points of the pencil P α and each of them has an infinitely near point, which correspond to a tangent direction for the cubics of the pencil. More precisely, all the cubics of the pencil pass through P 12 , P 23 and P 13 with tangent directions m 1 , m 2 and m 3 respectively. The other 3 base points of the pencil are Q 110 = m 1 ∩ l 3 , Q 011 = m 2 ∩ l 3 and Q α0−1 = m 3 ∩ l 3 . We denote by E ij and F ij the exceptional divisors on R which are mapped to the point P ij and are such that E 2 ij = −2, F 2 ij = −1, E ij F ij = 1. Moreover we denote by E 011 , E 110 and E α0−1 the exceptional divisors over the points Q 011 , Q 110 and Q α0−1 respectively. Then, a Z-basis of the Néron-Severi group of R is given by F 12 , F 13 , E 011 , E 12 , l 1 , E 13 , l 3 , E 23 , m 2 , m 3 , where l i and m j correspond to the strict transform of l i and m j on R.
We observe that the classes l i and E ij are the components of the fiber of type I 6 , the classes m j are the components of the fiber of type I 3 . Chosen F 12 to be the zero section of the fibration, the height formula ( [SS, 11.8]) implies that F 13 is a 3-torsion section and E 011 is a section of infinite order.
Let X be the K3 surface obtained as double cover of R branched along a fiber of type I 6 and a fiber of type I 1 . The elliptic fibration E X induced on X by E R has I 12 + 2I 3 + I 2 + 4I 1 as singular fibers and M W (E X ) ⊃ M W (E R ) = Z × Z/3Z. Since the rank(M W (E X )) ≥ rank(M W (E R )) = 1, and the rank of the trivial lattice of E X is 2+11+2+2+1=18, it follows that the Picard number of X is at least 19. On the other hand, the construction of X depends on 1 parameter (the parameter α on which depends the construction of R). So the Picard number of X is at most 20-1=19. It follows that the Picard number of X is exactly 19 and that the rank of the Mordell-Weil group of E X is exactly 1.
In order to construct a smooth model of X one has to blow up each of the intersection points between the components of the fiber of type I 6 on R and the node of the branch fiber of type I 1 on R, obtaining R. This means that β 1 • β 2 : R → P 2 blows up each point P ij 4 times: first one introduces an exceptional divisor which has multiplicity 3, then one has to blow up the intersection point between this exceptional component and the strict transforms of the lines l i , l j and m k , for a certain k ∈ {1, 2, 3}. Hence one introduces 4 divisors E ij , F ij , G ij and H ij on each point P ij . They have the following properties:
The strict transform on R of the lines l i and m k are the followings:
We denote by C the nodal cubic in the pencil P α which is in the branch locus of the cover X → P 2 , by N its node and by E N the exceptional divisor over this point. The strict transform of C on R is
The canonical bundle of R is The surface X admits a cover involution ι, such that X/ι = R. It fixes the inverse image of the strict transform of the lines l i , i = 1, 2, 3, of the curves E ij , 1 ≤ i < j ≤ 3 and of the strict transform of C. In particular ι fixes 7 rational curves. We observe that the inverse image of the strict transform of the lines m i , i = 1, 2, 3 consists, for each i, of two disjoint rational curves switched by ι. In particular ι * does not act as the identity on N S(X).
Let us fix the following notation on X. We denote by Θ
i , i ∈ Z/12Z the components of the fiber of type I 12 , by Θ (h) j , j ∈ Z/3Z and h = 2, 3 the components of the fibers of type I 3 and by Θ (4) k , k ∈ Z/2Z the components of the fiber f type I 2 . Moreover we denote by t 0 the zero section and we number the components of the reducible fibers in such a way that t 0 meets the component Θ 0 of each reducible fiber. The 3-torsion sections will be called t 1 and t 2 . Both t 1 and t 2 meet the zero component of the fiber of type I 2 . The non-zero intersections with the other fibers are the following:
(3) 1 = 1. Given a 2 : 1 map π : X → R, with cover involution ι, we recall that for every curve D in X, π * (D) = δ(π(D)) where δ ∈ {1, 2} is the degree of the map π restricted to D. So, for example, we have π * (Θ
6.2. An elliptic fibration on X induced by a conic bundle on R. Let us consider on P 2 the pencil of lines through P 12 . Since P 12 is a base point of the pencil of cubics P α , the pencil of lines through P 12 on P 2 induces a fibration with rational fibers on R. The class of the strict transform of the lines through P 12 on R is B := h − E 12 − F 12 . We observe that B 2 = 0 and B · F R = 2, so ϕ |B| : R → P 1 is a conic bundle on R. The curve E 12 is a section of the conic bundle and the fibers corresponding to the lines l 1 , l 2 and m 1 are reducible. Indeed they are reducible fibers (of the conic bundle) of type A 4 , A 4 and A 3 respectively (with the notation of Figure 1 ). The (−2)-components of the 2 reducible fibers of type A 4 (of the conic bundle) are contained in the fiber I 6 (of E R ) and so they are branch curves of the cover X → R. The (−2)-component of the fiber of type A 3 (of the conic bundle), i.e. the strict transform of the line m 1 , is a component of the fiber of type I 3 (of E R ) and thus it is not a branch curve for the double cover X → R.
The conic bundle associated to the pencil of lines through P 12 induces an elliptic fibration on X, as in Proposition 3.8. The reducible fibers of this fibration can be computed by Table 1 and they are 2I * 2 + I 4 . The line through P 12 and N (the singular point of the branch fiber of type I 1 ) introduces an extra singular fiber: it corresponds to a smooth fiber of the conic bundle, which passes through a singular point of the fiber (F R ) b2 of type I 1 and which meets the other branch fiber, (F R ) b1 in two smooth points. By Table 3 this induces a fiber of type I 2 on the elliptic fibration on X. Similarly there exist two lines through P 12 which are tangent to C in a smooth point (different from P 12 ). Each of these lines gives an extra singular fibers on the elliptic fibration on X, which is of type I 1 .
So the elliptic fibration induced on X by the conic bundle of lines through P 12 has 2I * 2 + I 4 + I 2 + 2I 1 as singular fibers. Since the sum of the Euler characteristic of these fiber is 24, we know that there are no other extra singular fibers. Moreover the rank of the trivial lattice of an elliptic fibration with fibers 2I * 2 + I 4 + I 2 + 2I 1 is 18 and the Picard number of X is 19, so the Mordell Weil rank of this elliptic fibration is one. On the other hand it is known, [Sh, Case 2031, Table 1] , that the torsion part of the Mordell-Weil group of an elliptic fibration with these reducible fibers is Z/2Z. Hence the Mordell-Weil group of this elliptic fibration is Z × Z/2Z. 6.3. An elliptic fibration on X induced by a generalized conic bundle on R. Let us consider on P 2 the pencil of lines through N . Since N is not a base point of the pencil of cubics P α , the pencil of lines through N has a base point on R and therefore does not induce a fibration on R. The class of the strict transform of the lines through N on R is G := h − N . We observe that G 2 = 0 and
so G is a generalized conic bundle on R. The map ϕ |G| : R → P 1 is a fibration whose generic fiber is a smooth rational curve. The curves C, m 1 , m 2 and m 3 are sections of this fibration. The pullback of the lines connecting N with one of the base points of the pencil P α are reducible fibers of the fibration ϕ |G| . In particular each line connecting N with a point Q abc (where a, b, c ∈ {0, 1, −1, α}) corresponds to a fiber with two components meeting in a point and each with self-intersection −1. Each line connecting N through a point P ij corresponds to a reducible fiber with 5 components: one is the strict transform of the line and has self-intersection −1, the others are E ij , F ij , G ij , H ij . The strict transform of the line meets in one point E ij and no other components.
The generalized conic bundle associated to the pencil of lines through N induces an elliptic fibration on X, as in Proposition 3.8. The reducible fibers of this fibration are 3 fibers of type I 2 (corresponding to the reducible fibers of ϕ |G| : R → P 1 with two components, i.e. to the lines N Q abc ) and 3 fibers of type I * 0 (corresponding to the reducible fibers of ϕ |G| : R → P 1 with five components, i.e. to the lines N P ij ). The curves m i split in the double cover, and thus each m i corresponds to two sections switched by the cover involution. Hence the elliptic fibration induced on X by the pencil of lines through N on P 2 has 3I * 0 + 3I 2 as singular fibers and the rank of the Mordell-Weil group is 2. This class has self-intersection 0, is effective and primitive. Thus it is the class of the fiber of a genus 1 fibration ϕ |D2| : X → P 1 . The curve Θ
(1) 5
is a rational curve which intersects each curve in |D 2 | in one point, thus it is a section of the fibration, that can be chosen to be the zero section. We observe that ι(D 2 ) = D 2 , so the fibration ϕ |D2| is either of type 1) or of type 2). By the definition of D 2 it is clear that the fibration ϕ |D2| has a fiber of type I 8 and the action of ι on this fiber preserves all the components. Hence ι does not act as the hyperelliptic involution on the fiber of type I 8 (indeed the the hyperelliptic involution acts on a fiber of type I 8 fixing the zero component and the fourth-component and switching three pairs of the others). So the fibration ϕ |D2| is a fibration of type 2). Let us consider now the push-down of D 2 on R: π * (D 2 ) = 2F 12 + E 12 + 2G 12 + l 1 + 2H 13 + E 13 + 2F 13 + C = 4h − E 12 − F 12 − G 12 − 2H 12 − E 13 − F 13 − 2G 13 − H 13 + −E 23 − 2F 23 − G 23 − H 23 − 2E 011 − E 110 − E α0−1 − 2E N .
We observe that (π * D 2 ) 2 = 0 and (π * D 2 )(−K R ) = 0. So π * (D 2 ) is a splitting genus 1 pencil on R. The class π * D 2 on R is mapped by β 1 •β 2 to the quartics in P 2 which satisfy the following conditions: they have a node in Q 011 and a node in N ; they pass through P 12 with tangent direction l 2 , through P 13 with tangent direction l 3 , through P 23 with tangent direction m 2 and through Q 110 and Q α0−1 . The quartics which satisfy these conditions have genus 1 (since they are plane quartics with two nodes). The branch locus of X → R consists of the curves l h and E ij for h = 1, 2, 3 and 0 ≤ i < j ≤ 3 and C. Since π * (D 2 ) · l h = 0 for h = 1, 2, 3, π * (D 2 ) · E ij = 0, 0 ≤ i < j ≤ 3, and π * (D 2 ) · C = 0, the curves in the linear system |π * (D 2 )| do not intersect the branch locus of the double cover and so their inverse images consist, each, of two disjoint copies of each of them, which is consistent with the fact that π * (D 2 ) is a splitting genus 1 system of curves.
The fibration ϕ |D2| has one fiber of type I 8 (whose components are t 0 ,Θ
0 , Θ
1 , Θ 1 ). We observe that ι preserves the fibers of type I 8 and I 6 and permutes the fibers of type I 2 . Thus the action of ι exhibits X as double cover of a rational elliptic fibration with singular fibers I 4 + I 3 + I 2 + 3I 1 and the branch fibers of this double covers are the fibers of type I 4 and I 3 . The rational elliptic fibration with fibers of type I 4 + I 3 + I 2 + 3I 1 has a Mordell-Weil group of rank 2, thus the rank of the Mordell Weil group of the elliptic fibration ϕ |D2| : X → P 1 is at least two. On the other hand, the Picard number of X is 19, the trivial lattice of a fibration with reducible fibers I 8 + I 6 + 2I 2 has rank 16 and so the Mordell-Weil rank is 3=19-16. Hence there is at least one section of the rational elliptic fibration with fibers I 4 + I 3 + I 2 + 3I 1 which splits in the double cover. Indeed the curves Θ This class has self-intersection 0, is effective and primitive. Thus it is the class of the fiber of a genus 1 fibration ϕ |D3| : X → P 1 . The curve Θ
0 is a rational curve which intersects D 3 in one point, thus it is a section of the fibration, that can be chosen to be the zero section. We observe that ι(D 3 ) = t 0 + Θ The class B 3 has the following properties B 2 3 = 2 and B 3 · (−K R ) = 2. Since the generic member of the linear system |B 3 | is smooth, by adjunction it has genus 1, as expected. The curves in |B 3 | intersect the branch curves of the double cover X → R in the following way: B 3 · l i = B 3 · C = B 3 · E 23 = 0, B 3 · E 12 = B 3 · E 13 = 2. So the curve B ′ in X which is the double cover of a generic member of |B 3 | is a double cover of a curve of genus 1, branched in 4 points, hence it is a curve of genus 3 as expected. The sublinear system of |B 3 | given by the curves which meet E 12 in one point with multiplicity 2 and E 13 in one point with multiplicity 2, corresponds to the curves which split in the double cover and thus to the curves whose inverse image is the sum of a curve in |D 3 | and a curve in |ι(D 3 )|.
The class B 3 on R is mapped by β 1 • β 2 to the quintics in P 2 which satisfy the following conditions: they have a node in P 12 , P 13 , Q 110 , Q α0−1 , N ; they pass through P 23 with tangent direction m 2 and Q 011 . The quintics which satisfy these conditions have genus 1 (since they are plane quintics with 5 nodes).
The fibration ϕ |D3| has one fiber of type I 5 (whose components are t 0 , Θ
0 , Θ 
